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Abstract. In [12], the authors determined, among other things, the main terms for 
the one-level densities for low-lying zeros of symmetric power //-functions in the level 
aspect. In this paper, the lower order terms of these one-level densities are found. 
The combinatorial difficulties, which should arise in such context, are drastically re- 
duced thanks to Chebyshev polynomials, which are the characters of the irreducible 
representations of SU(2). 
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1.1. Description of the families of L-functions studied. The purpose of this paper 
is to compute the lower order terms of some particular statistics associated to low-lying 
zeros of several families of symmetric power L-functions in the level aspect: the one-level 
densities. First of all, we give a short description of these families. To any primitive 
holomorphic cusp form / of prime level q and even weight 1 k ^ 2 (see [12, § 2.1] for the 
automorphic background) say / £ H*(q), one can associate its r-th symmetric power 
L-function denoted by L(Sym r /, s) for any integer r ^ 1. It is given by the following 
absolutely convergent and non- vanishing Euler product of degree r + lon5tes>l 
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1. Introduction and statement of the result 



L(Sym r /, 5 ) = *[[L p (Sym r f,s) 



Date: Version of June 18, 2008. 

^In this paper, the weight n is a fixed even integer and the level q goes to infinity among the prime 
numbers. 
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where 



/v. 



i=0 

for any prime number p. From now on, atf(p), (3f(p) are the Satake parameters of / 
at the prime number p and (A/(n)) n>1 is its sequence of Hecke eigenvalues, which is 
arithmetically normalised: A/(l) = 1 and |Aj(p)| ^ 2 for any prime p. We also define 
[1, (3.16) and (3.17)] a local factor at oo which is given by a product of r + 1 Gamma 
factors namely 

L 00 (Sym r /,a)= II r R (s + (2a + l)(/c - l)/2) 1^ (s + 1 + (2a + l)(/c - l)/2) 

0<asg(r-l)/2 

(1.1) 

if r is odd and 

L oa (Sym r f,s) = Tr(s + fi K<r ) JJ r R (s + o(k - 1)) rR (s + 1 + o(k - 1)) (1.2) 
if r is even where 

'\ if r(n- l)/2 is odd, 

otherwise. 
The completed L-function is defined by 

A(Sym r /, s) = (q r ) s/2 L 00 (Sym r f, s)L(Sym r f, s) 

and q r is the arithmetic conductor. We will need some control on the analytic behaviour 
of this function. Unfortunately, such information is not currently known in all generality. 
We sum up our main assumption in the following statement. 

Hypothesis Nice(r, /)- The function A (Sym r /, s) is a completed L-function in the 
sense that it satisfies the following nice analytic properties: 

• it can be extended to an holomorphic function of order 1 on C, 

• it satisfies a functional equation of the shape 

A(Syn/ f,s)=e (Sym r f) A(Syn/ /, 1 - s) 
where the sign e (Sym r /) = ±1 of the functional equation is given by 

J +1 ifr is even, 

e(Sym /) = < . (1.3) 

1 £f(q) x £(K,r) otherwise 

with 

' i K if r = 1 (mod 8), 

e( K r) = ii^T^- 1 ^ = I ~ l lf r = 3 (m ° d 8) ' 

^ -i K if r = 5 (mod 8), 



_+l ifr = 7 (mod 8) 



an 



de f {q) = -y/q\f(q) = ±1. 



Remark 1- Hypothesis Nice(r, /) is known for r = 1 (E. Hecke [3, 4, 5]), r = 2 thanks 
to the work of S. Gelbart and H. Jacquet [2] and r = 3, 4 from the works of H. Kim and 
F. Shahidi [9, 8, 7]. 

We aim at studying the lower order terms of the one-level density for the family of 
L-functions given by 

|J {L(Sym r f,s),fGH:(q)} 

q prime 

for any integer r ^ 1. 
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1.2. One-level densities of these families. The purpose of this work is to determine 
the lower order terms of the one-level densities associated to these families of L-functions. 
Let us give the statement of our result, in which v is a positive real number, $ is an 
even Schwartz function, whose Fourier transform $ is compactly supported in [— v, +v\ 
(denoted by $ G <S,/(M)) and / is a primitive holomorphic cusp form of prime level q 
and even weight k ^ 2 for which hypothesis Nice(r, /) holds 2 . We refer to [12, § 2.2] 
for the probabilistic background. Note that, thanks to Fourier inversion formula, such a 
function $ can be extended to an entire even function which satisfies 

^ , . . exp (i>\Ssms\) , 
VsGC, Hs)« n ^YlsD" (1-4) 

for any integer n ^ 0. The one-level density (relatively to <1>) of Sym r / is defined by 

p, A(Sym r f,p)=0 V V JJ 

where the sum is over the non-trivial zeros p of L(Sym r /, s) repeated with multiplicities. 
The asymptotic expectation of the one-level density is by definition 

lim 

q prime — 
q ^ +00 feH*(q) 

where oj q (f) = (4^-1 (//) 1S ^ ne harmonic weight of /. Before stating our result, let us 
define the following constants: 



/ r+00 

H 



f'pxT - ( 1+ / ^-^d(j, (1.5) 

Coo = -(r+l)logvr + C r (1.7) 
where is the first Chebyshev function: 

6(t)= l °SP, 

p prime 



0<o<(r-l)/2 



if r is odd and 



(1.8) 



r'\/i p K , r \ sr^ o(k-i)\ (t'\(i 1 o(«-i 



« V - I - ! ( - F ^ 1+ £ {(7) + 1 ' I - 1 ( t + "." + 



Tj V4 2 y ^ lvr/V4 2 y vr/V4 2 2 

I T r 2 V 



(1.9) 



if r is even. 



Theorem A— Lei r ^ 1 be any integer and e = ±1. We assume that hypothesis Nice(r, /) 
/ioMs for any prime number q and any primitive holomorphic cusp form of level q and 
even weight n ^ 2. Let 



-W^-^o)=(l-^2^))^ 



2 Note that we do not assume any Generalised Riemann Hypothesis for the symmetric power L- 
functions. 
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with 9q = 7/64. If v < vi ;jnax (r, k, 6q) then the asymptotic expectation of the one-level 
density is 



(-1Y+ 1 
$(0) + ^— ^ $(0) 



+ [c^ - 2(-iyc PNT - 25 2lr c] ^ + o (-4ttt) 

1 log<f Vlog (<f )/ 



Remark 2- The main terms of the asymptotic expectation of these one-level densities 
have already been found in [12] (see Theorem B). The new information is the lower 
order terms namely terms of size 1/log (q r ). 

Remark 3- Note that 9$ = 7/64 is the best known approximation towards Ramanujan- 
Peterson-Selberg's conjecture (see [12, hypothesis H.2(0) page 16]) thanks to the works 
of H. Kim, F. Shahidi and P. Sarnak ([8, 7]). The value 6 = is expected. 

Remark 4- It is clear from the proof of Theorem A that the same result holds for the 
signed families with the same restriction on the support as in [12]. 

Remark 5- The particular case r = 1 has already been investigated by S.J. Miller[ll]. 

Notation- We write V for the set of prime numbers and the main parameter in this paper 
is a prime number q, whose name is the level, which goes to infinity among V . Thus, if 
f and g are some C-valued functions of the real variable then the notations f(q) <Ca g(o) 
or f(q) = OA(g(q)) mean that \ f(q)\ is smaller than a "constant" which only depends on 
A times g(q) at least for q a large enough prime number. 



2. Chebyshev polynomials and Hecke eigenvalues 

Recall that the general facts about holomorphic cusp forms can be found in [12, § 2.1]. 
Let p q a prime number and / 6 H*(q). Denote by xst the character of the standard 
representation St of SU(2). By the work of Deligne, there exists 9f jP £ [0,7r] such that 

A/(p) = Xst ( 6 J'" e _S /iP ) • 
Moreover the multiplicativity relation reads 

A/GO = XSy^ ( e ^' P Jo f:P ) = X u (xst Jo f:P )) = X u (A/(p)) (2.1) 

where XSym" is the character of the irreducible representation Sym^ St of SU(2) and the 
polynomials X u are defined by their generating series 

They are equivalent ely defined by 

These polynomials are known as Chebyshev polynomials of second kind. Each X u has 
degree v, is even if v is even and odd otherwise. The family (X u ) u>0 is a basis for the 
polynomial vector space Q[T], orthonormal with respect to the inner product 

(P,Q)st = 1 j 2 ^P{x)Q{x)sjl-^dx. 

The following proposition lists Chebyshev polynomials' needed properties for this work. 
Proposition 2.1- 
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• If w ^ is any integer then 



with 



X? = ^x(w,r,j)X j (2.4) 

3=0 

2 r sin ro ((r + 1)9) sin {(j + 1)9) 
7T 7o sin^- 1 (0) 



x(o7,r,j) = X r ,Xj st = - / . d #- (2-5) 

In particular, 



{0 ifj = rw+l (mod 2), 

L" a ) ... 1 w ■ n (2 ' 6) 

1+ 4/2 «/ 2s ewen, r = 1 ana j = 0. 

• If a is a complex number of norm 1 and n ^ is an integer then 

'2X (a + a- r ) ifn = 0, 

a n + a~ n =\x 1 {a + a' 1 ) */n = l, (2.7) 

X n (a + a -1 ) — X n _2(" + a -1 ) otherwise. 

• If a is a complex number of norm, 1 and r, n ^ 1 are some integers then 

r 

S(a; n,r) = J2 a n{2] ~ r) = 5 2 \ r + ^ [a J ' n + a~ jn ] (2.8) 

j=r (mod 2) 

J] [X jn (a + a- 1 )-X,„_ 2 (Q + a^ 1 )] (2.9) 

j=r (mod 2) 

= X r (a n + a- n ) (2.10) 

where X-\ = X- 2 = by convention. 

• If r ^ 1 and n ^ 1 are some integers then 

r 

[x jn - x jn - 2 \ = ^(-lyx^x^n (2.ii) 

jr'=r (mod 2) 

where X-\ = X- 2 = by convention. 

• If £ ^ is an integer then 

Xi = Yl {-lf-^(^ + u)/2 \ T \ (2.12) 

u=l (mod 2) 

Proof of proposition 2.1. The first point follows from the fact that X™ is an polynomial 
of degree rw, which is even if rw is even and odd otherwise. Thus, (2.4) is the expansion 
of this polynomial in the orthonormal basis (Xj) Q< j <rzu . The second point follows from 
the equality 

2 cos (n9) sin (9) = sin ((n + 1)9) - sin ((n - 1)9). 

If a = exp (i9) then this equality combined with (2.3) lead to 

2 cos (n9) = X n (2cos9) - X n ^ 2 {2 cos 9), 

which is the desired result since 2 cos 9 = a + a -1 and 2 cos (n9) = a n + a~ n . The third 
point is a direct consequence of the second one, of the direct computation 

a n(r+l) _ a -n(r+l) 



6 



G. RICOTTA AND E. ROYER 



and of 



X r (a n + a~ n ) = A r (2cos(n0)) 



a n(r+l) _ a -n(r+l) 



a n — a~ n 

if a = exp (iO). The fourth point is easily deduced from the fact that 



S(a; n, r) = £(-l)^_ 2 (a + a'^X^^a + a' 1 ) 

3=0 

for any complex number a of norm 1. Let us prove the previous equality According to 
[13, Page 727, first and second equations], 

J^XnAa + a-^f = [1 + X n - 2 (a + a-^t] X r {a n + a~ n )f . 

As a consequence, 

X nr (a + a' 1 ) = X r (a n + a~ n ) + X n _ 2 (a + a^jViK + «~ n ), 
which implies 

r 

A r (a™ + a"") = ^2(-iyx 3 n _ 2 (a + a'^X^^a + a" 1 ). 

3=0 

The last point is obtained by developping (2.2) as an entire series in x. □ 



3. Riemann's explicit formula for symmetric power L-functions 

To study Di <q [$>; r](f) for any 3> G <S„(M), we transform this sum over zeros into a sum 
over primes in the next proposition. In other words, we establish an explicit formula for 
symmetric power L-functions. 

Proposition 3.1- Let r ^ 1 and f £ H*(q) for which hypothesis Nice(r, /) holds and let 
$ G S V (M). We have 



(-l) r+1 



+ r^TTT [°oo + 2(-l) r+1 C PNT - 25 2[r C] 
log(g r ) ' 



+ Pi [d>; r] (/) + £ (- irP ? 2 [*; r, m] (/) + P 3 [*; r] (/) + O f r ^— 

\log 3 (ef) 



where Cpnt is defined in (1.5), C in (1.6), in (1.7) whereas 
P}[*;r](f) 



P 9 2 [$;r,m](/) 



iog(^)^ viog^y 

logp^ ( 21ogp 
log (<f ) 



log (q r 



log (<f 



-EE 



/or any integer m G {0, . . . , r — 1}. 
Proof of proposition 3.1. Let 



£ (Xf(p jn ) - Xf{p jn ~ 2 )) 



_j=r (mod 2) 



logp j ^ nlogp 



p n/2 ^log(^) 



1 2ivr V 2 
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From [6, eq. (4.11) and (4.14)] we get 

log 7T 



D M [*;r](/) = *(0)-(r + l) i ^;*(0) 



log q 1 



EE 

p£-p m=l 



j=0 



mlogp\ logp 



logq r J p m / 2 



3=0 

Let us focus on the third term in(3.1). Not that the contribution of the prime q is given 
by ~~ 



2 ( *A<i) r \ m z(™\ L 

r ^ V y/Q J V r ) < q<r+W 

m=l v v ' 



and for p / g we use 



2«/(p) J ' m ^/(p) (r - J ' )m = 5( a/ (p);m,r) 
i=o 

with the notation of (2.8). We obtain 

S (a f (p); 1, r) = X r (a f (p) + a^ 1 ) = X f (p r ) 
according to (2.1) and 

S (a f (p); 2, r) = ^ X 2j (a f (p) + a/(p) _1 ) - X 2j - 2 («/ (p) + a/(p) _1 ) 

3=r (mod 2) 



^(-l)^ 2(r _ j} ( tt/ (p) + a^ 1 ) (c/. (2.11)) 

j=0 

j2(-irxf(p 2ir - m) ) + (-i) r . 



m=0 



As a consequence, 



EE 

pg-p m =l 



x;«/(p) im /'/(p) (r " j ' )m 

3=0 



^ A/(p r )logp ^ ^ logp 



per 



,1/2 



+ EfE(- 1 )^/(^ m) ))^ $ f 

pe p \m=0 / ^ 

pt<? 



log (<f 

logp^- ^ log (p 2 ) 
log(<f) 



+ ( _ ir ^logP $ ^og(p 2 ^ 



P \\og(q r ) 



We have isolated the three first terms in (3.2) since they may contribute as main terms 
and not only lower order terms. Let us estimate the third term of (3.2). By partial 
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summation, this term equals, up to 0(q 09 ), 
Then, 



-DO 



\\og(q r )J log(<f) \log(qnJJ t 

Ji t V V>g(W log(^) W(Q r ))j t 

Since $(tt) = $(0) + 0(u 2 ) and $'(u) < we get 

loe faH /"+ 00 - /" +00 - - / ,+oc 0(f) - t 

s z = (- i y Jk j J -J o $(u)d«-(-i) r jf <& / ( U )d U + (-ir$(o)y 

+ o 

and finally 

^ Mr ^ (0) + ( _ ir$( o,( 1 + / + ^ dt ) + o(^). 

We finally take care of the fourth term of (3.2). According to (2.1) and (2.8), we have 



t 2 

1 

log 2 (<f ) 



df 



S(a f (p);n,r) = S 2]r + £ [A/GO - 
One may remark that 



2\ 



j=r (mod 2) 



^nVa^ /2 ^° g( ^ kvk^ 2 Vlog 3 (^) 

since <E»(u) = $(0) + 0(u 2 ). Then, we easily get 

log p logp 



\ ^ \ -> _ \- 



□ 



4. Proof of Theorem A 
The aim of this part is to determine an asymptotic expansion of 
£ c;,(/)D M [*;r](/)=Ej(D li ,[*;r]). 

feH*{q) 

According to proposition 3.1 and the proof of [12, eq. (4.6) and (4.7)], if 

^O-sjdisj)? (41) 



then 



E; (!>!,,[*; r]) 



r+l 



$(0) + ^ $(0) 



+ E "( P ^H(/))+o(^^). (4.2) 
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The first term in (4.2) is the main term given in Theorem A. We now estimate the 
penultemate term of (4.2) via the trace formula given in [12, Proposition 2.2]: 



E h q (P ? 3 [$;r])=p3 new [$;r]+P3 0ld [$ ;r] 



where 



^"ij,riew[^! r ] 



and 



log (<f ; 



EE 

peVn^3 



(A,^",!)-^^"- 2 ,!)) 



j=r (mod 2) 



(4.3) 



logp^ ( nlogp 

p 



< n /2 V lo g(<? 



p ^ ;rl = »EjEE 



£ (A 1 (^ 2 ,l)-A 1 (^"- 2 ^ 2 ,1)) 



pfg |_j=r (mod 2) 



logp^ ( nlogp 



pn/2 \\ g(q 



For m/lwe have 



4( m ,i) = 2 n ^^Mj K . 1 ( 



4iT\/m 



C>1 

fe|c 

where S(m, l;c) is a Kloosterman sum. Let us estimate the new part which can be 
written as 

P',ncw[$; r] = £ £ (Pg,new[^; r, jn] - P^wf*! r, jn - 2]) 



where 



3)3 
<jr,new 



j=r (mod 2) 



^^E^^E/'^ 



S( P \l;c) 

Jk-1 



(4.4) 



By [12, lemma 3.10], the c-sum in (4.4) is bounded by 



if p>q^, 

/ , \ K—l 



otherwise. 



We deduce 



n>3 



1(g) 

qK-i/2 * — , v 

3^n^vr log g/log 2 



l ? w[(( K -l)r-l)n/2+l]/n 



« ? -[(«-Dr-l]/2 ? ^/3 log l g( 3g ) 

qK— i/z 



,1/2 
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as soon as v < 2/r 2 (and in particular if (4.1) is satisfied). We make the same compu- 
tations for jn — 2 and find then that new [$; r, k] is an admissible error term. The old 
part is 



q log (q r 



E E Koidfrr, jn\ -p3 old [<D;r, jn - 2]) 



j=r (mod 2) 



where 



From [12, eq (3.2) and (3.3)] we have 



E7Ai(/£ 2 ,lK2(fc + l) 



£\q° 



so that 



Y,KM*;r,jn] «1 



n>3 



and similary for P 3 old [<J?;r, jn - 2]. Finally (P 3 [<I>;r]) enters the 0(1/ log 3 g r ) term. 



Appendix A. Some comments on an aesthetic identity 
It is possible to prove on induction on fco ^ 1 the following equality in Q[T]: 
fco-i 

X2k — X 2 k -2 



E E 

j=0 l<fcj<fc J _i<---<fci<fco 



n 

.i=0 



2^ 
ki ki+\ 



rp2kj 



As a consequence, if K ^ 1 then 



2*; 



(A.l) 



X 2 tf+i - X 2 jr-i = (-1)*T 1 + E (- 1 ) k ° x 2k ~ X 2ko -2 | • (A.2) 
Now, use (2.4) with r = 1 (so that X\ = T) to get from (A.l) the equality 



Xik — X 2 k -2 
feo-i 



E E 

i=o i^fe J <fe J _i< - <fci<fco 



n 

.i=0 



2fcj 



/ J ^ =0 V j / 



and compare the coefficients of Xq to obtain, thanks to (2.6) the equality 



fco-i 

E E (-d* 

i=o i<fcj<fe J _i<---<fei<fco 



n 

.i=0 



2/cj 



2/uj \ /tj 



kj J \ ~\~ kj 



0. 



We could have expressed formulas (A.l) and (A.2) in terms of Fourier coefficients of 
primitive forms to determine the lower order terms. However, this is definitely not the 
best way to proceed since it consists in decomposing the polynomial Xk — Xk-2 in the 
canonical basis of Q[T] and decomposing again each element of this canonical basis in 
the Chebyshev basis (X^)^. 
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Appendix B. S.J. Miller's identity and Chebychev polynomials 
S.J. Miller ([10, Equation (3.12) Page 6]) recently proved that 

a f (p) K + f3 f (p) K = Yl CK,k\f{p) k (B.l) 



O^k^K 
k=K (mod 2) 

where cx,k = ii k = K + 1 (mod 2) and 
co,o = 0, 
C2K,o = 2(-l) K (iOl), 

2(-l) K+L K(K + L-l)\ , 
C ^ L = \2L) K K-Ly. 

C2K + 1,2L + 1- {2L + mK _ L)] (O^L^K). 

We would like to give a quick proof of this identity, the crucial tool being Chebychev 
polynomials. 

Proof of equation (B.l). We know that 

MP) K + Pffrf = X K (X f (p)) - X K . 2 (X f (p)) 

for K ^ 2 according to (2.7). Thus, the proof consists in decomposing the polynomial 
Xk — Xk-2 in the canonical basis of Q[T]. This can be done via (2.12). It entails that 

a f ( P f + P f (pf= £ (-!)<*-« )/ 2 [((* + «>/ 2 ) + ( {K + U) J 2 - 1 )] XfipT 

+ j2 (-i) {K - u)/2 ( {K+ u u)/2 )x f (p) u , 

K-l<iu^K \ u / 

u=K (mod 2) 

which is an equivalent formulation of (B.l). □ 

Remark B.l- Equation (B.l) could be used to recover the lower order terms coming from 
Pg[<E>;r] but, once again, it is not the most clever way to proceed since it would imply 
decomposing the polynomials Xk~ Xk-2 in the canonical basis of Q[T] at the beginning 
of the process and decomposing the polynomials T 3 in the basis (X r ) r ^o just before the 
end of the proof in order to be able to apply some trace formula for the Fourier coefficients 
of cusp forms. 



O^u^K-2 
u=K (mod 2) 
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